Rare anomalies may be introduced during the metallurgical or manufacturing processes that may lead to uncontained failures of aircraft gas turbine engines. The risk of fracture associated with these anomalies can be quantified using a probabilistic fracture mechanics approach. In this paper, a general probabilistic framework is presented for risk assessment of gas turbine engine components subjected to either inherent or induced material anomalies. A summary of efficient computational methods that are applicable to this problem is also provided.
INTRODUCTION
High-energy rotating components in commercial aircraft gas turbine engines are manufactured using premium grade alloys that are designed for fracture resistance. However, material anomalies may form during the melting process that are not representative of nominal conditions. Although extremely rare, these "inherent" anomalies have led to uncontained engine failures such as the incident in Sioux City Iowa in 1989 (Fig. 1a [1] ). Potentially damaging anomalies can also be introduced during machining operations. These "induced" anomalies have led to uncontained engine failures such as the 1996 incident in Pensacola, Florida (Figs. 1b,c [2] ).
Probabilistic fracture mechanics methods can be used to predict the risk associated with rare material anomalies. A probabilistic approach is well suited to this problem because it provides a numerical estimate of the risk of fracture and can be used to predict the influence of inspection on the probability of fracture. In addition, the probabilistic sensitivities associated with this approach can be used to guide both design and research activities.
A recent FAA Advisory Circular [3] provides guidance on assessment of the risk of fracture associated with inherent anomalies in titanium rotors. It describes a probabilistic damage tolerance process that can be used to predict the fracture risk for high-energy rotating components with inherent material anomalies, and also identifies an associated design target risk (DTR). This document will be updated to include probabilistic treatment of surface-related anomalies as data and methods become available.
Over the past decade, a number of probabilistic methodologies have been developed to quantify the risk of fracture associated with gas turbine engines. Comprehensive design systems have been developed for rotors and disks that may contain inherent material anomalies [4] [5] [6] [7] [8] [9] [10] . Recently, some initial strategies have been developed to address components with induced anomalies [11] [12] [13] . Since inherent and induced anomalies originate from entirely different manufacturing processes, risk assessment is often treated separately for these two anomaly types.
However, from a deterministic fracture mechanics perspective, there are several similarities in the crack growth life prediction methods for components with inherent and induced anomalies. Life prediction for both anomaly types requires descriptions of crack geometry and associated boundary conditions, applied stresses on the crack plane, and fatigue crack growth properties. The specific stress intensity factor solutions may be different (e.g., induced anomalies located at bolt holes require special treatment), but once an initial crack has formed, the growth process is often very similar for these two anomaly types.
There are also many similarities in the risk assessment of components with inherent and induced anomalies. Most of the random variables are identical for these anomaly types (e.g., applied stress, crack growth life variability, inspection time, probability of detection). For both anomaly types, the component is often discretized into subregions for risk assess- Rare material anomalies introduced during manufacturing can lead to uncontained failure of commercial aircraft engines: (a) fan disk failure associated with an inherent material anomaly [1] , (b) and (c) fan disk failure attributed to an induced material anomaly [2] . ment purposes.
In this paper, a general probabilistic framework is presented for components with inherent or induced material anomalies. The probabilistic fracture mechanics approach is described in terms of random variables associated with crack formation/growth and nondestructive inspection. A brief summary of relevant computational probabilistic methods is also included to provide for the efficient prediction of risk.
PROBABILISTIC FRACTURE MECHANICS
For a component with an initial anomaly d subjected to variable amplitude loading, the anomaly and stress intensity factor K increase with increasing number of flight cycles. Failure occurs when the maximum K exceeds the fracture toughness K C :
is dependent on n (number of flight cycles) and two general input variable vectors: X, a vector of input variables unrelated to inspections; and Y, a vector of input variables related to inspections. A negative value of g(X, Y, n) represents a failure event. The probability of failure is:
Fracture Random Variables
Three X random variables are considered for use in crack growth life computations, including initial anomaly size, applied stress, and material properties. The initial anomaly size random variable X 1 is treated separately for inherent and induced anomalies and is described in subsequent sections. Applied stress can be modeled as the product of deterministic stress S FEM (often obtained from finite element analysis) and a stress scatter variable X 2 [14] :
As shown in Fig. 2 , variability in material properties can influence the crack growth rate da/dN, which ultimately has an influence on the crack growth life N:
where a o and a f are the initial and final crack sizes. The crack growth life can be expressed in terms of the deterministic life N NOM and a life scatter factor X 3 that accounts for material variability [14] :
Inspection Random Variables
The Y random variables are the inspection (shop visit) times and the probability of detection (POD). For a single deterministic inspection, the probability of detecting an anomaly from a population of anomalies P det (a) is:
where POD(a) is the probability of detecting an anomaly with a size (area) greater than a (e.g., Fig. 3 ) and f(a) is the probability density function associated with an anomaly of size a.
The inspection times may also be modeled as random variables. In addition, the expected (mean) time of an inspection may be expressed in terms of a previous inspection. Suppose that the timing of an inspection D is expressed in terms of two statistically independent random variables B and C (where it is assumed that both B and C are always greater than zero). The timing of inspection D can be expressed as D B C = + with associated probability density
If both B and C are modeled as normally distributed random variables, Eqn. 8 reduces to:
For example, consider two statistically independent normally distributed variables B and C. Variable B has a mean of 5000 cycles and a standard deviation of 500 cycles. Variable C has a mean of 5000 cycles and a standard deviation of 200 cycles. Suppose that inspection D has a mean of 10000 cycles and a standard deviation of 200 cycles and is not linked to B. The probability density associated with this unlinked inspection, shown in Fig. 4(a) , can be expressed as:
Next, suppose that inspection D is defined as the sum of B and C (Eqn. 7). The probability density associated with this definition of inspection D is shown in Fig. 4(b) . Comparing  Figs. 4(a) and (b) , it can be observed that the variability of inspection D increases significantly when it is defined as the sum of B and C. Specifically, the coefficient of variation (COV) increases from 0.02 to 0.05.
INHERENT MATERIAL ANOMALIES
Metallurgical anomalies can be located anywhere within a component. To account for the uncertainty in the location, the component can be subdivided into a manageable number of zones of approximately equal risk (Fig. 5) . The risk p i in each zone is based on the conditional probability of fracture i d p (i.e., probability of fracture given that an anomaly is present) and the anomaly occurrence rate i λ associated with the zone:
where
and V i = volume of zone i, V = volume of the component, and V λ = anomaly occurrence rate of the component on a per volume basis.
The total risk for the component is the probability union of the zones:
where F i represents the failure of zone i. If the anomaly occurrence rate is relatively small, the probability of having more than one significant anomaly in the component may be negligible. In this situation, Eqn. 13 reduces to: 
The initial anomaly size X 1 is a dominant random variable for materials with inherent anomalies. It is often characterized as an exceedance curve (Fig. 6 [3] ), and can be converted to cumulative distribution function (CDF) format using the following equation [14] :
INDUCED MATERIAL ANOMALIES
In contrast with inherent anomalies that may be located anywhere within a component, induced anomalies are often concentrated at surface features (e.g., bolt holes, Fig. 7 ). The anomaly occurrence rate i λ associated with a feature is proportional to the area of the exterior surface A i :
where S λ = anomaly occurrence rate on a per unit surface area basis, and A = reference surface area. If the anomaly occurrence rate is relatively low, component risk is approximately equal to the sum of the risks of the individual features. For a typical gas turbine engine component, the number of features is relatively small compared Figure 5 . A component can be subdivided into a manageable number of zones of approximately equal risk to account for the uncertainty in the location of an anomaly [17] . to the number of zones associated with an inherent anomalybased assessment.
ADDITIONAL CONSIDERATIONS
Hard alpha anomalies in titanium alloys generally exhibit negligible crack formation lives; fatigue cracks can begin growing almost immediately [7, 18] . However, in other materials, the crack formation life may be non-negligible and must be considered in the risk computation.
Hard alpha anomalies also occur extremely rarely. In contrast, some materials exhibit higher anomaly frequencies, so the approximate risk calculation of Eqn. 14 is no longer valid. For these materials, component risk is evaluated using the following equation [19, 20] :
and d* = critical anomaly size (size of anomaly that leads to failure within the specified service life), L G =crack growth life scatter random variable (X 3 ), and S = stress scatter random variable (X 2 ). For relatively low anomaly occurrence rates, the numerical results of Eqns. 14 and 17 are nearly identical.
A GENERAL PROBABILISTIC FRAMEWORK FOR COMPONENTS WITH INHERENT AND INDUCED ANOMALIES
There are a number of similarities in the risk assessment of components with inherent and induced anomalies. Most of the random variables are identical for both anomaly types (e.g., applied stress, crack growth life variability, inspection time, probability of detection). Common data are required for life prediction associated with both anomaly types, such as crack geometry, applied stresses, and crack growth rate relations.
On the other hand, the risk assessment equations associated with materials containing multiple anomalies are different from those associated with materials containing only anomalies with extremely low occurrence rates.
Furthermore, in some materials, additional variables must be defined to quantify the random time required to form a crack from an inherent or induced anomaly. In addition, the physical basis for the anomaly occurrence rate is significantly different for inherent and induced anomalies.
A general probabilistic methodology has been developed for risk assessment of gas turbine engine components subjected to inherent and induced material anomalies. It incorporates features for materials with these anomaly types into a common framework, and addresses the additional variables associated with nonzero crack formation times. As shown in Fig. 8 , the framework consists of four primary processes that address the variables associated with inherent and induced anomalies, and those that are common to all types of anomalies.
Component risk is computed using Eqn. 17, which is also valid for inherent and induced anomalies. For inherent anomalies, risk is computed for zones using a volume-based anomaly occurrence rate. For induced anomalies, risk is computed for features using an area-based anomaly occurrence rate. When appropriate, the random crack formation life (and associated variables) is included in the probabilistic assessment. The major advantage to this approach is that it reduces the number of redundant computational algorithms that must be developed and maintained to support risk computations.
COMPUTATIONAL EFFICIENCY CONSIDERATIONS
To obtain accurate estimates of the risk associated with gas turbine engine components, solution of advanced fracture mechanics problems is often required. To achieve sufficient computational accuracy, a large number of Monte Carlo samples may be required. Since the computation time associated with predicting the crack propagation life associated with each Monte Carlo sample may be nontrivial, a number of techniques have been developed over the past several years to improve computational efficiency. A summary of these techniques is provided in Table 1 [12] . Table 1 . A summary of computational methods that can be used for efficient prediction of risk associated with gas turbine engine components [12] . Focused discretization of zones based on relative contribution to component risk [24] Optimal Sampling Component-based variance reduction
Allocate Monte Carlo samples to each zone based on its relative contribution to component risk [17] , [25] 
